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Abstract. We find the E-polynomials of a family of parabolic Sp2n-character
varieties Mξn of Riemann surfaces by constructing a stratification, proving that
each stratum has polynomial count, applying a result of Katz regarding the
counting functions, and finally adding up the resulting E-polynomials of the
strata. To count the number of Fq-points of the strata, we invoke a formula
due to Frobenius. Our calculation make use of a formula for the evaluation of
characters on semisimple elements coming from Deligne-Lusztig theory, applied
to the character theory of Sp(2n,Fq), and Möbius inversion on the poset of
set-partitions. We compute the Euler characteristic of the Mξn with these
polynomials, and show they are connected.
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1. Introduction
Let Σg be a compact Riemann surface of genus g ≥ 0 and let G be a complex
reductive group. The G-character variety of Σg is defined as the moduli space of
representations of pi1(Σg) into G. Using the standard presentation of pi1(Σg), we
have the following description of this moduli space as an affine GIT quotient:
MB(G) =
{
(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai : Bi] = IdG
}
//G
where [A : B] := ABA−1B−1 and G acts by simultaneously conjugation. For
complex linear groups G = GL(n,C),SL(n,C), the representations of pi1(Σg) into
G can be understood as G-local systems E → Σg, hence defining a flat bundle E
whose degree is zero.
For G = GL(n,C),SL(n,C), a natural generalization consists of allowing bundles
E of non-zero degree d. In this case, one considers the space of the irreducible
G-local systems on Σg with prescribed cyclic holonomy around one puncture, which
correspond to representations ρ : pi1(Σg \ {p0})→ G, where p0 ∈ Σg is a fixed point,
and ρ(γ) = e
2piid
n IdG, with γ a loop around p0, giving rise to the moduli space
MdB(G) =
{
(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai : Bi] = e
2piid
n IdG
}
//G.
The space MdB(G) is known in the literature as the Betti moduli space. These
varieties have a very rich structure and they have been the object of study in a
broad range of areas.
In his seminal work [Hi87], after studying the dimensional reduction of the
Yang-Mills equations from four to two dimensions, Hitchin introduced a family of
completely integrable Hamiltonian systems. These equations are known as Hitchin’s
self-duality equations on a rank n and degree d bundle on the Riemann surface Σg.
The moduli space of solutions comes equipped with a hyperkähler manifold
structure on its smooth locus. This hyperkähler structure has two distinguished
complex structures. One is analytically isomorphic toMdDol(G), a moduli space of
G-Higgs bundles, and the other isMdDR(G), the space of algebraic flat bundles on Σg
of degree d and rank n, whose algebraic connections on Σg \ {p0} have a logarithmic
pole at p0 with residue e
2piid
n Id. By Riemann-Hilbert correspondence ([De70], [Si95]),
the space MdDR(G) is analytically (but not algebraically) isomorphic to MdB(G)
and the theory of harmonic bundles ([Co88], [Si92]) gives an homeomorphism
MdB(G) ∼=MdDol(G).
When gcd(d, n) = 1, these moduli spaces are smooth and their cohomology has
been computed in several particular cases, but mostly from the point of view of the
Dolbeaut moduli spaceMdDol(G).
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Hitchin and Gothen computed the Poincaré polynomial for G = SL(2,C), SL(3,C)
respectively in [Hi87] and [Go94] and their techniques have been improved to compute
the compactly supported Hodge polynomials ([GHS14]). Recently, Schiffmann,
Mozgovoy and Mellit computed the Betti numbers ofMdDol(G) for G = GL(n,C)
respectively in [Sch14], [MS14] and [Mel17].
Hausel and Thaddeus ([HT03]) gave a new perspective for the topological study
of these varieties giving the first non-trivial example of the Strominger-Yau-Zaslow
Mirror Symmetry ([SYZ96]) using the so called Hitchin system ([Hi87]) for the
Dolbeaut space. They conjectured also (and checked for G = SL(2,C), SL(3,C)
using the results by Hitchin and Gothen) that a version of the topological mirror
symmetry holds, i.e., some Hodge numbers hp,q ofMdDol(G) andMdDol
(
GL
)
, for G
and Langlands dual GL, agree. Very recently, Groechenig, Wyss and Ziegler proved
the topological mirror symmetry for G = SL(n,C) in [GWZ17].
Contrarily toMdDR(G) andMdDol(G) cases, the cohomology ofMdB(G) does not
have a pure Hodge structure. This fact motivates the study of E-polynomials of the
G-character varieties. The E-polynomial of a variety X is
E(X;x, y) := Hc(X;x, y,−1)
where
Hc(X;x, y, t) :=
∑
hp,q;jc (X)x
pyqtj
the hp,q;jc being the mixed Hodge numbers with compact support of X ([De71],
[De74]). When the E-polynomial only depends on xy, we write E(X; q), meaning
E(X; q) = Hc(X;
√
q,
√
q,−1).
Hausel and Rodriguez-Villegas started the computation of the E-polynomials
of G-character varieties for G = GL(n,C), PGL(n,C) using arithmetic methods
inspired on Weil conjectures. In [HRV08] they obtained the E-polynomials of
MdB(GL(n,C)). Following this work, in [Me15] Mereb computed the E-polynomials
ofMdB(SL(n,C)). He proved also that these polynomials are palindromic and monic.
Another direction of interest is the moduli space of parabolic bundles. If p1, . . . , ps
are s marked points in a Riemann surface Σg of genus g, and Ci ⊆ G semisimple
conjugacy classes for i = 1, . . . , s, the corresponding Betti moduli space of parabolic
representations (or parabolic G-character variety) is
MC1,...,Cs(G) :=
{
(A1, B1, . . . , Ag, Bg, C1, . . . , Cs) ∈ G2g+s |
g∏
i=1
[Ai : Bi]
s∏
j=1
Cj = IdG, Cj ∈ Cj , j = 1, . . . , s
}
//G.
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In [Si90], Simpson proved that this space is analytically isomorphic to the moduli
space of flat logarithmic G-connections and homeomorphic to a moduli space of
Higgs bundles with parabolic structures at p1, . . . , ps.
Hausel, Letellier and Rodriguez-Villegas ([HLRV11]) found formulae for the
E-polynomials of the parabolic character varieties for G = GL(n,C) and generic
semisimple C1, . . . , Cs.
In this paper, we consider certain parabolic character varieties for the group G =
Sp(2n,C). For a semisimple element ξ belonging to a conjugacy class C ⊆ Sp(2n,C),
we define
Mξn : =
{
(A1, B1, . . . , Ag, Bg) ∈ Sp(2n,C)2g |
g∏
i=1
[Ai : Bi] = ξ
}
//CSp(2n,C)(ξ)
=
{
(A1, B1, . . . , Ag, Bg) ∈ Sp(2n,C)2g |
g∏
i=1
[Ai : Bi] ∈ C
}
//Sp(2n,C)
where CSp(2n,C)(ξ) is the centralizer of ξ in Sp(2n,C). We assume that ξ satisfies
the genericity condition 3.1.1 below; in particular, ξ is a regular semisimple element,
hence CSp(2n,C)(ξ) = T ∼= (C×)n, the maximally split torus in Sp(2n,C). It turns
out thatMξn is a geometric quotient and all the stabilisers are finite subgroups of
µn2 , the group of diagonal symplectic involution matrices.
Our goal is to compute the E-polynomials ofMξn for any genus g and dimension
n. This is accomplished by arithmetic methods, following the work of Hausel and
Rodriguez-Villegas in [HRV08] and Mereb in [Me15]. Our methods depends on the
additive property of the E-polynomial, which allows us to compute this polynomial
using stratifications (see 2.1.4).
The strategy to compute the E-polynomials ofMξn is to construct a stratifica-
tion of Mξn and proving that each stratum M˜ξn,H , with H varying on the set of
the subgroups of µn2 (see Definition 3.1.12) has polynomial count, i.e., there is a
polynomial En,H(q) ∈ Z[q] such that
∣∣∣M˜ξn,H(Fq)∣∣∣ = En,H(q) for sufficiently many
prime powers q in the sense described in Section 2.2. According to Katz’s theorem
2.2.3, the E-polynomial of M˜ξn,H agrees with the counting polynomial En,H . By
Theorem 3.2.5 below, one reduces to count
En(q) :=
1
(q − 1)n
∣∣∣∣∣
{
(A1, B1, . . . , Ag, Bg) ∈ Sp(2n,Fq)2g |
g∏
i=1
[Ai : Bi] = ξ
}∣∣∣∣∣
(1.0.1)
with Fq a finite field containing the eigenvalues of ξ. The number of solutions of an
equation like 1.0.1 is given by a Frobenius-type formula involving certain values of
the irreducible characters χ of Sp(2n,Fq) (see 4.1.1). Thanks to the formula 2.4.2
below for the evaluation of irreducible characters of a finite group of Lie type on a
regular semisimple element, the Frobenius formula and Katz’s theorem, we are able
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to compute En(q), hence the En,H(q)’s. Adding them up, we eventually obtain the
following
Theorem. The E-polynomial ofMξn satisfies
E
(Mξn; q) = En(q) = 1(q − 1)n ∑
τ
(Hτ (q))
2g−1
Cτ .
Here, Hτ (q) are polynomials with integer coefficients (see 2.4.20), Cτ are integer
constants and the sum is over a well described set (see 2.4.15). It is remarkable that
the E-polynomial ofMξn does not depend on the choice of the generic element ξ. A
direct consequence of our calculation and of the fact thatMξn is equidimensional
(see Corollary 3.1.17) is the following
Corollary. The E-polynomial ofMξn is palindromic and monic. In particular, the
parabolic character varietyMξn is connected.
Our formula also implies
Corollary. The Euler characteristic χ
(Mξn) ofMξn vanishes for g > 1. For g = 1,
we have ∑
n≥0
χ
(Mξn)
2nn!
Tn =
∏
k≥1
1
(1− T k)3
.
See Corollaries 4.3.2, 4.3.5, 4.4.1 and 4.4.2 for details.
For n = 1, the formula looks like:
E
(
Mξ1; q
)
=
(
q3 − q)2g−2 (q2 + q)+ (q2 − 1)2g−2 (q + 1)
+
(
22g − 2) (q2 − q)2g−2 q.
This result recovers the ones obtained by Logares, Muñoz and Newstead in [LMN13]
for small genus g and by Martinez and Muñoz in [MM15] for all possible g.
The present article is organized as follows: In Section 2, we go over the basics of
combinatorics and representation theory that are going to be needed. In Section 3,
we study the geometry of the parabolic character varieties to be studied. In Section
4, we perform the computation of the E-polynomial ofMξn and prove the corollaries
concerning the topological properties ofMξn encoded in E
(Mξn; q).
Acknowledgements. The author thanks Fernando Rodriguez-Villegas for his
invaluable help and for supervising this work, Emmanuel Letellier, Martin Mereb
and Meinolf Geck for useful conversations and discussions, Cédric Bonnafé for helpful
email correspondence.
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2. Preliminaries
2.1. Mixed Hodge structures. Motivated by the (then still unproven) Weil Con-
jectures and Grothendieck’s “yoga of weights”, which drew cohomological conclusions
about complex varieties from the truth of those conjectures, Deligne in [De71] and
[De74] proved the existence of mixed Hodge structures on the cohomology of a
complex algebraic variety.
Proposition 2.1.1. ([De71], [De74]). Let X be a complex algebraic variety. For
each j there is an increasing weight filtration
0 = W−1 ⊆W0 ⊆ · · · ⊆W2j = Hj(X,Q) (2.1.1)
and a decreasing Hodge filtration
Hj(X,C) = F 0 ⊇ F 1 ⊇ · · · ⊇ Fm ⊇ Fm+1 = 0 (2.1.2)
such that the filtration induced by F on the complexification of the graded pieces
GrWl := Wl/Wl−1 of the weight filtration endows every graded piece with a pure
Hodge structure of weight l, or equivalently, for every 0 ≤ p ≤ l, we have
GrW
C
l = F
pGrW
C
l ⊕ F l−p+1GrWCl . (2.1.3)
This mixed Hodge structure of X respects most operations in cohomology, like
maps f∗ : H∗(Y,Q) → H∗(X,Q) induced by a morphism of varieties f : X → Y ,
maps induced by field automorphisms σ ∈ Aut(C/Q), the Künneth isomorphism
H∗(X × Y,Q) ∼= H∗(X,Q)⊗H∗(Y,Q), (2.1.4)
cup products, etc.
Using Deligne’s construction [De74, 8.3.8] of mixed Hodge structure on relative
cohomology, one can define ([DK86]) a well-behaved mixed Hodge structure on
compactly supported cohomology H∗c (X,Q), compatible with Poincaré duality for
smooth connected X (see also [PS08]).
Definition 2.1.2. Define the compactly supported mixed Hodge numbers by
hp,q;jc (X) := dimC
(
GrFp Gr
WC
p+qH
j
c (X,C)
)
. (2.1.5)
Form the compactly supported mixed Hodge polynomial :
Hc(X;x, y, t) :=
∑
p,q,j
hp,q;jc (X)x
pyqtj (2.1.6)
and the E-polynomial of X:
E(X;x, y) := Hc(X;x, y,−1). (2.1.7)
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Remark 2.1.3. By definition, we can deduce the following properties of the E-
polynomial E(X;x, y) of an algebraic variety X:
• E(X; 1, 1) = χ(X), the Euler characteristic of X.
• The total degree of E(X;x, y) is twice the dimension of X as a complex
algebraic variety.
• If X is a smooth algebraic variety, the coefficient of xdim(X)ydim(X) in
E(X;x, y) is the number of the highest dimensional connected components
of X.
Remark 2.1.4. If {Zi}i=1,...,n is a stratification of an algebraic variety X, i.e., a
finite partition of X into the locally closed subsets Zi, then
E(X;x, y) =
n∑
i=1
E(Zi;x, y) (2.1.8)
i.e., the E-polynomial is additive under stratifications.
2.2. Spreading out and Katz’s theorem. Sometimes, the E-polynomial could
be calculated using arithmetic algebraic geometry. The setup is the following.
Definition 2.2.1. Let X be a complex algebraic variety, R a finitely generated
Z-algebra, φ : R ↪→ C a fixed embedding. We say that a separated scheme X/R is
a spreading out of X if its extension of scalars Xφ is isomorphic to X.
Definition 2.2.2. Suppose that a complex algebraic variety X has a spreading out
X such that for every ring homomorphism ψ : R → Fq, the number of points of
Xψ(Fq) is given by PX(q) for some fixed PX(t) ∈ Z[t]. We say that X is a polynomial
count variety and that PX is the counting polynomial.
Then we have the following fundamental result:
Theorem 2.2.3. ([HRV08, Katz (2.18)]). Let X be a variety over C. Assume X
is polynomial count with counting polynomial PX(t) ∈ Z[t], then the E-polynomial
of X is given by E(X;x, y) = PX(xy).
In this case, and more generally, when the E-polynomial only depends on xy, we
write
E(X; q) := E(X;
√
q,
√
q).
Remark 2.2.4. By 2.1.3, for a variety X whose E-polynomial is given by PX(q),
the Euler characteristic of X is equal to PX(1), while if X is smooth, the leading
coefficient of PX(q) is the number of highest dimensional connected components of
X.
Remark 2.2.5. Informally, Katz’s theorem says that if we can count the number of
solutions of the equations defining our variety over Fq, and this number turns out
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to be some universal polynomial evaluated in q, then this polynomial determines
the E-polynomial of the variety.
Actually, it is enough for this to be true not necessarily for all finite fields. In
fact, one can restrict the computations via a suitable choice of the finitely generated
Z-algebra which a spreading out of the variety X is defined over.
Example 2.2.6. ([Me15, Example 2.4]). Let us take the affine curve
C =
{
(x, y) ∈ C2 | 2x2 + 3y2 = 5} .
We want a scheme X defined by the same equation over a finitely generated Z-
algebra. It is easy to check that |C(Fp)| = p−
(
−6
p
)
for p  5 prime, where
(
−6
p
)
is
the Legendre symbol, and that |C(F2)| = 2, |C(F3)| = 6 and |C(F5)| = 9. To have
a polynomial count for C, we need to exclude some primes. To get rid of 2, 3 and 5,
we consider the scheme X over Z[ 130], ending up with a quasi-polynomial, since the
term
(
−6
p
)
is periodic. To satisfy the hypotheses of Theorem 2.2.3, we still have to
exclude all primes p such that −6 is a quadratic non-residue modulo p. This can
be accomplished by adding
√−6 to the base ring. The scheme X/Z[ 130 ,√−6] is a
spreading out for C with polynomial count PC(p) = p − 1. By Katz’s result, the
E-polynomial of C(C) is E (C;x, y) = xy − 1. This is consistent with the fact that
C ∼= C×.
2.3. The poset of partitions. We collect in this section some notations, concepts
and results on partitions of sets that we will need later. The main references are
[Kl16] and [St12].
Let [c] := {1, . . . , c}, c ∈ N and let Πc be the poset of partitions of [c]; it consists
of all decomposition pi of [c] into disjoint unions of non-empty subsets [c] =
l∐
j=1
Ij
ordered by refinement, which we denote by . Concretely, pi  pi′ in Πc if every
subset in pi is a subset of one in pi′. We call the Ij ’s the blocks of pi and the integer
l the length of pi, which we denote by l(pi).
If x ∈ N and h : [m]→ [x], define the kernel of h, and denote it by Ker(h), to
be the partition of [c] induced by the equivalence relation
a ≡ b⇐⇒ h(a) = h(b).
Now, fix pi ∈ Πc and let
Σ′pi := {h : [c]→ [x] | Ker(h) = pi} ,
Σpi := {h : [c]→ [x] | Ker(h) = σ for some σ  pi} .
(2.3.1)
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If we define f(pi) := |Σpi| and g(pi) := |Σ′pi|, then clearly g(pi) = (x)(l(pi)) :=
x(x− 1) · · · (x− l(pi) + 1) and f (pi) = xl(pi). On the other hand, since
f(pi) =
∑
piσ
g(σ),
by Möbius inversion we have
g(pi) =
∑
piσ
µ(pi, σ)f(σ)
where µ is the Möbius function of the poset Πc; in other words,
(x)l(pi) =
∑
piσ
µ(pi, σ)xl(σ). (2.3.2)
Since 2.3.2 holds for any x ∈ N and since both sides of 2.3.2 are polynomials, it
is a polynomial identity. In particular, if we specialize it at x = −1, we obtain
(−1)l(pi) (l (pi))! =
∑
piσ
(−1)l(σ) µ(pi, σ). (2.3.3)
2.4. Representation theory. In this section, we list the facts from representation
theory we need. Before doing it, let us fix some notations.
If H is a finite group, we denote by Irr(H) the set of the irreducible characters
of the finite dimensional representations of H; the natural inner product 〈 , 〉 for
characters is given by
〈χ, χ′〉H :=
1
|H|
∑
h∈H
χ(h)χ′
(
h−1
)
and we define the dual group of H as Ĥ := Hom(H,C×). When H is abelian,
Ĥ = Irr(H).
2.4.1. Deligne-Lusztig characters. In these subsections, we refer to [Ca85], [Bo91]
and [Hu75] for basic definitions and proofs.
Assume that G is a connected reductive linear algebraic group defined over Fq, the
algebraic closure of a finite field Fq of odd characteristic p, F : G→ G a Frobenius
map, GF the finite group of Lie type of the rational points of G. In particular,
GF is a finite group with a split BN -pair at characteristic p. If T is an F -stable
maximal torus of G, θ ∈ T̂F , we denote by RGT (θ) the corresponding Deligne-Lusztig
character (see [DL76]). Recall the following
Proposition 2.4.1. ([DL76, Theorem 6.8]). Let T be a F -stable maximal torus of
G, θ, θ′ ∈ T̂F . Then
〈
RGT (θ), R
G
T (θ
′)
〉
GF
=
∣∣∣{n ∈ NG(T )F | θn = θ′}∣∣∣
|TF | (2.4.1)
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where NG(T ) is the normalizer of T in G, θn(t) := θ
(
n−1tn
)
for every t ∈ TF .
Moreover, either
〈
RGT (θ), R
G
T (θ
′)
〉
GF
= 0 or RGT (θ) = R
G
T (θ
′).
Let s ∈ GF be a regular semisimple element, i.e., an element of GF representable
by a semisimple matrix with all distinct eigenvalues via a closed embedding of G
into GL
(
n,Fq
)
for some n ∈ N, T the unique maximal torus containing s. We have
Proposition 2.4.2. ([DL76, (7.6.2)]) If χ ∈ Irr(GF ), then
χ(s) =
∑
θ∈T̂F
θ
(
s−1
)〈
RGT (θ), χ
〉
GF
. (2.4.2)
2.4.2. Principal series representations. Let us consider a maximally split torus T
in G, i.e., an F -stable torus contained in a F -stable Borel subgroup B. Then,
BF = TF n UF , with U the unipotent radical of B. If θ ∈ T̂F , we have that
RGT (θ) = Ind
GF
BF
(
θ˜
)
, where θ˜ := θ ◦ p1 ∈ B̂F and p1 : BF = TF n UF  TF is the
natural projection onto TF . The irreducible components of RGT (θ) are called the
principal series associated to (T, θ).
Notation: In the following, sometimes we may use the symbol RGT (θ) also to
denote both the associated representation and the set of principal series of (T, θ).
So if χ is an irreducible constituent of RGT (θ), we write χ ∈ RGT (θ).
Remark 2.4.3. If θ, θ′ ∈ T̂F , since RGT (θ) and RGT (θ′) are characters of representations
of GF , we deduce from 2.4.1 that either the principal series of (T, θ) and (T, θ′)
coincide or they are disjoint. So we have that RGT (θ) ∩ RGT (θ′) 6= ∅ if and only if
there exists w ∈WF such that θw = θ′. Here, WF is the group of rational points of
the Weyl group W := NG(T )/T of G, acting by conjugation on T̂F .
If Sθ := StabWF (θ), there is an isomorphism between EndGF
(
RGT (θ)
)
and the
group algebra CSθ. In order to establish it, we need to recall some definitions and
results that can be found in [HK80].
Let Φ be the set of roots of G; for every α ∈ Φ, let qα(θ) := qcα(θ), cα(θ) ∈ Z≥0,
be the parameters defined in [HK80, Lemma 2.6]. Define the set
Γ := {β ∈ Φ | qα(θ) 6= 1} (2.4.3)
and let WSθ be the group generated by the reflections corresponding to roots in Γ.
Thus, Γ is the root system of the reflection group WSθ . If
D :=
{
w ∈ Sθ | w(α) ∈ Φ+, ∀α ∈ Γ+
}
(2.4.4)
then, [HK80, Lemma 2.9], D is an abelian p′-group normalizing WSθ and Sθ =
D nWSθ . Moreover, let Σ be the set of simple roots of Γ consisting of roots that
are positive in Φ.
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Definition 2.4.4. The generic algebra A(u) is the algebra over C[u] with basis
{aw | w ∈ Sθ} such that, if w ∈ S, d ∈ D and s is the reflection corresponding to
the root β ∈ Σ, the following relations hold:
(1) adaw = adw, awad = awd.
(2) awas = aws if w(β) ∈ Γ+.
(3) awas = uβ(θ)aws + (uβ(θ)− 1) aw if w(β) ∈ Γ−, uβ(θ) := ucβ(θ).
For any ring K such that C[u] ⊆ K, write A(u)K = A(u)⊗C[u] K. An algebra
homomorphism f : C[u] → C makes C into a (C,C[u])-bimodule via (a, p) · c :=
acf(p), a, c ∈ C, p ∈ C[u]. If f(u) = b, the specialization A(b) := A(u)⊗f C is an
algebra over C with basis {aw ⊗ 1 | w ∈ S} whose members satisfy relations 1, 2
and 3 in Definition 2.4.4, after replacing u with b.
Theorem 2.4.5. (Tits, [CIK72, Theorem 1.11]). Let K = C(u) be the quotient
field of C[u]. Then A(u)K is a separable K-algebra and for each b ∈ C such that
A(b) is separable (and so semisimple), the algebras A(u)K and A(b) have the same
numerical invariants.
Corollary 2.4.6. EndGF
(
RGT (θ)
) ∼= CSθ as C-algebras.
Proof. The algebras A(q) and A(1) are respectively isomorphic to EndGF
(
RGT (θ)
)
and CSθ by [CIK72, Theorem 2.17, 2.18] and since they are both semisimple, they
have the same numerical invariants by 2.4.5 and so are isomorphic. 
Corollary 2.4.7. The irreducible components of RGT (θ) are in bijective correspon-
dence with the irreducible representations of the algebra CSθ .
The correspondence established in 2.4.7 can be stated more precisely by the
following
Proposition 2.4.8. (Lemma 3.4 in [HK80]). Let χ be an irreducible character of
A(u)K . Then for all w ∈ Sθ, χ(aw) is in the integral closure of C[u] in C(u). Let
f : C[u] → C be a homomorphism such that f(u) = b and A(b) is separable, and
let f∗ be an extension of f to the integral closure of C[u]. Then the linear map
χf : A(b)→ C defined by χf (aw ⊗ 1) := f∗(χ(aw)), for all w ∈ Sθ, is an irreducible
character of A(b). For a fixed extension f∗ of f , the map χ 7−→ χf is a bijection
between the irreducible characters of A(u)K and those of A(b).
From [McG82, Theorem A], we deduce this important result on the multiplicities
of the principal series representations.
Proposition 2.4.9. If χ ∈ RGT (θ) corresponding to β ∈ Irr(Sθ), then〈
χ,RGT (θ)
〉
GF
= β(1). (2.4.5)
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Let β ∈ Irr
(
A(u)K
)
with K = C(u), β the corresponding character of Sθ. Define
Dβ(u) :=
β(1)P (u)∑
w∈Sθ
uw(θ)
−1
β(aw−1)β(aw)
(2.4.6)
where uw(θ) :=
∏
α∈Γ+
w(α)∈Γ−
uα(θ) and P (u) :=
∑
w∈WF
uw(1), the Poincaré polynomial
of the Coxeter group WF .
Remark 2.4.10. If χ is the corresponding irreducible component of RGT (θ), then
Dβ(q) = χ(1) (see [HK80]).
Let B(u) be the subalgebra of A (u) generated by {aw | w ∈WSθ}. Then B(u) is
the generic algebra corresponding to the Coxeter group WSθ and by Proposition
2.4.8, there is a bijection between Irr
(
B(u)K
)
and Irr(WSθ ). For an irreducible
character ϕ of B(u)K , and the corresponding character ϕ of WSθ , the generic degree
is defined as follows:
dϕ(u) :=
ϕ(1)Pθ(u)∑
w∈WSθ
uw(θ)
−1
ϕ(aw−1)ϕ(aw)
(2.4.7)
where Pθ(u) :=
∑
w∈WSθ
uw(θ) is the Poincaré polynomial of the Coxeter group WSθ .
Remark 2.4.11. It is true that dϕ(1) = ϕ(1) ([CIK72, Theorem 5.7]), Pθ(u) divides
P (u) ([Ki69, Proposition 35]) and that dϕ(u) = 1cϕ fϕ where fϕ ∈ Z[u] is a monic
polynomial and cϕ ∈ N, both depending on ϕ ([GP00, Corollary 9.3.6]).
The group D, defined in 2.4.4, acts as a group of automorphisms of B(u)K via
aw 7→ adwd−1 , d ∈ D, w ∈ WSθ . Thus, for each d ∈ D, if ϕ ∈ Irr
(
B(u)K
)
, the
character ϕd of B(u)Kdetermined by ϕd(aw) := ϕ(adwd−1) is irreducible too.
Proposition 2.4.12. ([HK80, Theorem 3.13]). Let β ∈ Irr
(
A(u)K
)
, β the cor-
responding character in Sθ, ϕ an irreducible component of Res
A(u)K
B(u)K
(
β
)
, ϕ the
corresponding character in WSθ and C :=
{
d ∈ D | ϕd = ϕ}. Then
Dβ(u) =
P (u)
Pθ(u) |C|dϕ(u). (2.4.8)
Remark 2.4.13. One can show that, if β and ϕ are as in Proposition 2.4.12, then
Res
A(u)K
B(u)K
(
β
)
= 1|C|
∑
d∈D
ϕd ([HK80, proof of Theorem 3.13]). Thus, by Proposition
2.4.8, we have that
β(1) =
|D|
|C|ϕ(1). (2.4.9)
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Then Proposition 2.4.12 tells us that
Dβ(1) =
[
WF : Sθ
]
β(1). (2.4.10)
2.4.3. Principal series representations of Sp(2n,Fq). Now we deal with the case
G = Sp
(
2n,Fq
)
:=
{
A ∈ gl(2n,Fq) | AtJA = A}
where
J =

1
. .
.
1
−1
. .
.
−1

relatively to a basis
−→B = {e1, . . . , en, e−n, . . . , e−1}, so in this subsection, GF =
Sp(2n,Fq). Let us consider the maximally split torus
T =
{
diag
(
λ1, . . . , λn, λ
−1
n , . . . , λ
−1
1
) | λi ∈ Fq×} .
Therefore, TF ∼= (F×q )n and T̂F ∼= Znq−1 because every θ ∈ T̂F is characterized
(not canonically) by a n-tuple of exponents modulo q − 1. The Weyl group Wn is
isomorphic to Sn nµn2 , where µ2 := {1,−1} and Sn is the symmetric group, so Wn
is a Coxeter group of type Bn. It turns out that WFn = Wn, and that Wn acts on
T̂F as follows:
ϕ : (Sn n µn2)× T̂F → T̂F
((σ, (ε1, . . . , εn)) , (k1, . . . , kn)) 7→
(
ε1kσ(1), . . . , εnkσ(n)
) (2.4.11)
where ki ∈ Zq−1 for i = 1, . . . , n. By this description of the action of Wn on T̂F , we
deduce that
Proposition 2.4.14. Every Wn-orbit in T̂F can be represented by a character
θ ∼
 λ1︷ ︸︸ ︷k1, . . . , k1, λ2︷ ︸︸ ︷k2, . . . , k2, . . . , λl︷ ︸︸ ︷kl, . . . , kl, α1︷ ︸︸ ︷0, . . . , 0,
α︷ ︸︸ ︷
q − 1
2
, . . . ,
q − 1
2
 (2.4.12)
where λ = (λ1 ≥ . . . ≥ λl) ` c is a partition of a natural number c ≤ n, |λ|+α1+α =
n, ki ∈ Q :=
{
1, . . . , q−32
}
and ki 6= kj for any i, j = 1, . . . , l, and ki < kj if λi = λj .
There is an easy description of Sθ for a character θ of the form 2.4.12: in fact,
from how Wn acts on T̂F , it is easy to see that
Sθ = Sλ,α1,α :=
(
l∏
i=1
Sλi
)
× Wα1 ×Wα .
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This a Coxeter group of type Aλ1−1 × · · · ×Aλl−1 ×Bα1 ×Bα . So let χ ∈ RGT (θ).
By Proposition 2.4.14, we can take θ of the form 2.4.12.
Definition 2.4.15. If β is the irreducible character of Sθ corresponding to χ, define
the 4-tuple
τ := (λ, α1, α, β) (2.4.13)
as the type of χ. If τ = (λ, α1, α, β) and ε is the sign character of Sλ,α1,α , define
the type dual to τ as
τ ′ := (λ, α1, α, εβ) (2.4.14)
Notation: We write τ(χ) for the type of a character χ and χτ to denote a character
of a fixed type τ .
Remark 2.4.16. It follows from the definition of type and Proposition 2.4.9 that
τ(1GF ) =
(
0ˆ, n, 0, β
)
, where β(1) = 1. In fact, since 1GF ∈ RGT (1TF ), using
Frobenius reciprocity and equation 2.4.5, we get
β(1) =
〈
1GF , R
G
T (1TF )
〉
GF
= 〈1BF , 1BF 〉BF = 1.
In this case, BF is the Borel subgroup of upper triangular matrices in GF .
Remark 2.4.17. If χ1 and χ2 are irreducible constituents of RGT (θ1) and R
G
T (θ2)
respectively such that τ(χ1) = τ(χ2) = (λ, α1, α, β), then by Proposition 2.4.9 we
have that
〈
χ1, R
G
T (θ1)
〉
GF
=
〈
χ2, R
G
T (θ2)
〉
GF
= β(1).
Proposition 2.4.18. If χ ∈ RGT (θ) with θ of the form 2.4.12, then χ(1) only
depends on τ(χ) = (λ, α1, α, β).
Proof. If α ∈ Φ, by [HK80, Section §4], qα(θ) = 1 or qα(θ) = q, so according to
Proposition 2.4.8, equation 2.4.6 and Definition 2.4.4, it is sufficient to prove that
the set Γ defined as in 2.4.3 only depends on the triple (λ, α1, α). Moreover, again
by [HK80, Section §4], qα(θ) = qα˜
(
θ˜
)
, where α˜ and θ˜ are the restriction of α and θ
on the maximal torus Tα in 〈Xα, Xα−1〉 ∼= SL(2,Fq), and q = qα˜
(
θ˜
)
if and only if θ˜
is the trivial character of Tα.
Let us give an explicit description of the root subgroups Xα in Sp(2n,Fq) and of
the corresponding Tα’s: recall that Φ =
{
±1i 
±1
j | 1 ≤ i < j ≤ n
}∪{±2i | 1 ≤ i ≤ n},
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with i(t) := ti if t = diag
(
t1, . . . , tn, t
−1
n , . . . , t
−1
1
)
, so
Xi−1j
= {1 + t (Ei,j − E−j,−i) | t ∈ Fq} ,
X−1i j
= {1 + t (E−i,−j − Ej,i) | t ∈ Fq} ,
Xij = {1 + t (Ei,−j + Ej,−i) | t ∈ Fq} ,
X−1i 
−1
j
= {1 + t (E−i,j + E−j,i) | t ∈ Fq} ,
X2i = {1 + tEi,−i | t ∈ Fq} ,
X−2i
= {1 + tE−i,i | t ∈ Fq} ;
Ti−1j
=
{
diag
(
1, . . . , 1,
i︷︸︸︷
λ , . . . ,
j︷︸︸︷
λ−1 , 1, . . .
. . . , 1,
−j︷︸︸︷
λ , . . . ,
−i︷︸︸︷
λ−1 , 1, . . . , 1
)
| λ ∈ K×
}
,
Tij =
{
diag
(
1, . . . , 1,
i︷︸︸︷
λ , . . . ,
j︷︸︸︷
λ , 1, . . .
. . . , 1,
−j︷︸︸︷
λ−1 , . . . ,
−i︷︸︸︷
λ−1 , 1, . . . , 1
)
| λ ∈ K×
}
,
T2i =
{
diag
(
1, . . . , 1,
i︷︸︸︷
λ , . . . ,
−i︷︸︸︷
λ−1 , 1, . . . , 1
)
| λ ∈ K×
}
.
Remember that if θ ∈ Irr(TF ), θ ∼ (m1, . . . ,mn) ∈ Znq−1 and
t = diag
(
λ1, . . . , λn, λ
−1
n , . . . , λ
−1
1
)
is an element of TF , then
θ : TF → C×
t 7→ θ(t) :=
n∏
i=1
λmii .
(2.4.15)
where we denote with the same symbol the image of λi via a fixed homomorphism
f : F×q ↪→ C× for any i = 1, . . . , n. Therefore, it is easy to see that Γ = A ∪B ∪ C,
where
A :=
{(
i
−1
i+1
)±1 | i 6= λ1, λ1 + λ2, . . . , l∑
i=1
λi,
l∑
i=1
λi + µ1
}
,
B :=
{
±2i | m+ 1 ≤ i ≤ m+ α1
}
,
C :=
{
(ii+1)
±1 | m+ 1 ≤ i ≤ n− 1, i 6= m+ α1
} (2.4.16)
and the claim follows. 
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Remark 2.4.19. It is easy to see from the definition of WSθ and 2.4.16 that WSθ =(
l∏
i=1
Sλi
)
×Wα1 × (Sα n Vα) where
Vα :=
{
(x1, . . . , xα) ∈ µα2 |
α∏
i=1
xi = 1
}
so WSθ is a Coxeter group of type Aλ1−1×· · ·×Aλl−1×Bα1 ×Dα of index smaller
than 2 in Sθ. It follows that
Pθ(q) =
(
l∏
i=1
Pλi(q)
)
Pα1(q)Pα(q) (2.4.17)
where Pλi , Pα1 and Pα are Poincaré polynomials of type Aλi−1 for i = 1, . . . , l,
Bα1 and Dα respectively.
Remark 2.4.20. Let χτ be such that τ = (λ, α1, α, β) and ϕ one of the (at most
two for Remark 2.4.19) irreducible components of ResSθWSθ (β). Then
ϕ =
(
l⊗
i=1
ϕi
)
⊗ ϕα1 ⊗ ϕα
with ϕi ∈ Irr(Sλi) for i = 1, . . . , l, ϕα1 ∈ Irr(Wα1) and ϕα ∈ Irr(Sα n Vα). It
follows from 2.4.8, 2.4.17 and Remark 2.4.10 and 2.4.13 that
χτ (1) =
P (q)
2
(
l∏
i=1
dϕi(q)
Pλi(q)
)
dϕα1 (q)
Pα1(q)
dϕα (q)
Pα(q)
(2.4.18)
if ϕ = ResSθWSθ (β) and α 6= 0, and
χτ (1) = P (q)
(
l∏
i=1
dϕi(q)
Pλi(q)
)
dϕα1 (q)
Pα1(q)
dϕα (q)
Pα(q)
(2.4.19)
otherwise. Notice that, in this case, P (q) is a Poincaré polynomial of type Bn.
Since χτ (1) divides |Sp(2n,Fq)| as an integer number for any possible value of q,
we deduce from Remark 2.4.11 that |Sp(2n,Fq)|χτ (1) ∈ Z[q].
Remark 2.4.21. For odd q ≥ 3, since Sp (2n,Fq) is a perfect group, unless n = 1
and q = 3, and Poincaré polynomials of Coxeter groups are always monic, by 2.4.18,
2.4.19, Remark 2.4.11 and by looking at the character table of SL(2,Fq) in [DM91],
we have that χτ (1) does not depend on q if and only if χτ = 1Sp(2n,Fq).
We conclude this section defining the polynomial
Hτ (q) :=
|Sp(2n,Fq)|
χτ (1)
∈ Z[q] (2.4.20)
for all types τ . By Remark 2.4.20, one can use the formulas contained in [GP00,
Theorem 10.5.2, 10.5.3]. and the ones in [Ki69] or in [GP00, 10.5.1] for the Poincaré
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polynomial of a Coxeter group of type An−1, Bn and Dn to compute explicitly the
polynomials Hτ (q).
Remark 2.4.22. Using [Ca85, Lemma 11.3.2] and after some little algebra, one can
prove that
Hτ
(
q−1
)
=
(−1)n
qn(2n+1)
Hτ ′(q). (2.4.21)
3. Parabolic Sp2n-character varieties
In this section, we consider the standard presentation of the symplectic group.
So, if K is an algebraically closed field, n a positive integer, then
Sp(2n,K) :=
{
A ∈ gl(2n,K) | AtJA = A}
with J :=
(
0 In
−In 0
)
.
3.1. Geometry of character varieties. Let g ≥ 0, n > 0 be integers. Let K be
an algebraically closed field with char (K) 6= 2, possessing a primitive m-th root of
unity ϕ, for which there exist natural numbers m1, . . . ,mn such that ϕm1 , . . . , ϕmn
satisfy the following non-equalities, for every disjoint sets of indices J and L, not
simultaneously empty, and every index i in {1, . . . n}:∏
j∈J
ϕmj 6=
∏
l∈L
ϕml ,
ϕ2mi 6= 1.
(3.1.1)
Remark 3.1.1. Specializing 3.1.1 for J = {j} and L = {l} or J = {j, l} and L = ∅,
we have that ϕmj 6= ϕml and ϕmj 6= ϕ−ml respectively, so ϕ±m1 , . . . , ϕ±mn have to
be all different. In particular, m > n.
Remark 3.1.2. It is easy to see that the elements of any subset of {ϕm1 , . . . , ϕmn}
satisfy conditions 3.1.1.
Example 3.1.3. If ϕ is a primitive (2n + 1)-th root of unity, then it is easy to see
that ϕ,ϕ2, . . . , ϕ2
n−1
satisfy 3.1.1.
Consider the following algebraic variety over K:
Uξn :=
{
(A1, B1, . . . , Ag, Bg) ∈ Sp(2n,K)2g |
g∏
i=1
[Ai : Bi] = ξ
}
= µ−1(ξ) (3.1.2)
where µ : Sp(2n,K)2g → Sp(2n,K) is given by
µ(A1, B1, . . . , Ag, Bg) :=
g∏
i=1
[Ai : Bi] (3.1.3)
ON THE E-POLYNOMIAL OF PARABOLIC Sp2n-CHARACTER VARIETIES 18
and ξ = diag(ϕm1 , . . . , ϕmn , ϕ−m1 , . . . , ϕ−mn). If n = 0, we will assume that
Uξn = {?}. By Remark 3.1.1, the centralizer of ξ in Sp(2n,K) is the maximal torus
T =
{
diag
(
λ1, . . . , λn, λ
−1
1 , . . . , λ
−1
n
) | λi ∈ K?, i = 1, . . . , n}
and acts by conjugation on Uξn:
σ : T × Uξn → Uξn
(h, (A1, B1, . . . , Ag, Bg)) 7→
(
h−1A1h, h−1B1h, . . . , h−1Agh, h−1Bgh
)
.
(3.1.4)
As the center Z = {±I2n} ≤ T of Sp(2n,K) acts trivially, this action induces an
action
σ¯ : T/Z × Uξn → Uξn.
In the following, if X ∈ Uξn, h ∈ T , we will write h−1Xh instead of σ(h,X) or
σ(h,X).
Proposition 3.1.4. Let X = (A1, B1, . . . , Ag, Bg) be an element of Uξn. Let µn2 be
the subgroup of the involution matrices in T . Then TX := Stabσ(X) ≤ µn2.
Proof. Let Z be an element of TX . Then ZAi = AiZ, ZBi = BiZ for any i =
1, . . . , g. Suppose that Z /∈ µn2 . Then Z has an eigenvalue α different from ±1.
Permute the eigenvalues of Z in order to collect them in groups such that all the
elements in the same group are equal. By a further permutation, we can assume
that the first group of eigenvalues of Z is made by the α’s. This is equivalent to
the action of a permutation matrix pi by conjugation on Z. Denote by pi(·) the
conjugation by pi. Then
pi(Z)pi(Ai) = pi(Ai)pi(Z)
pi(Z)pi(Bi) = pi(Bi)pi(Z)
(3.1.5)
for all i = 1, . . . , g, and
g∏
i=1
[pi(Ai) : pi(Bi)] = pi(ξ). (3.1.6)
Now, by 3.1.5, we have that pi(Ai) = diag
(
A1i , . . . , A
k
i
)
, pi(Bi) = diag
(
B1i , . . . , B
k
i
)
for any i = 1, . . . , g, where k is the number of different eigenvalues of Z and the
Ahi ’s and Bhi are square matrices whose sizes are equal to the multiplicity of the
h-th eigenvalue of Z, h = 1, . . . , k. From 3.1.6, writing pi(ξ) = diag
(
D1, . . . , Dk
)
,
follows that
diag
(
g∏
i=1
[
A1i : B
1
i
]
, . . . ,
g∏
i=1
[
Aki : B
k
i
])
= diag
(
D1, . . . , Dk
)
.
As the determinant of a commutator is 1, the determinant of Dh has to be equal
to 1 for any h = 1, . . . , k. In particular, det
(
D1
)
= 1. But since α 6= α−1, there is
a ϕmj , for some j, that is an eigenvalue of D1, but not ϕ−mj , so det
(
D1
)
cannot
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be equal to 1, because ϕm1 , . . . , ϕmn satisfy the inequalities 3.1.1, and this is a
contradiction. 
Definition 3.1.5. Fix a subgroup H of µn2 containing Z. Define the following
subsets of Uξn:
U˜ξn,H :=
{
X ∈ Uξn | H = TX
}
(3.1.7)
Uξn,H :=
{
X ∈ Uξn | H ⊆ TX
}
. (3.1.8)
Remark 3.1.6. It is evident from the previous Definition 3.1.5 that U˜ξn,H is an
open subset of the closed affine variety Uξn,H . In particular,
{
U˜ξn,H
}
Z≤H≤µn2
is a
stratification of Uξn. Moreover, Uξn,µ2 = Uξn, so U˜ξn,µ2 is an open subset of Uξn.
Proposition 3.1.7. U˜ξn,H and Uξn,H are stable under the action σ of T .
Proof. Let X = (A1, B1, . . . , Ag, Bg) be an element of Uξn,H , Z ∈ H. Then AiZ =
ZAi, BiZ = ZBi for any i = 1, . . . , g. It follows that, if ω ∈ T , X ∈ Uξn,H if and
only if ω−1Xω ∈ Uξn,ω−1Hω. But since T is abelian, ω−1Hω = H and the assertion
follows. The proof for U˜ξn,H is completely analogous. 
Remark 3.1.8. By its definition, it is easy to see that U˜ξn,H admits a finite open cover{
U˜i,H
}
i∈I
of affine T -stable subsets. For more details, see [Cam17, Remark 3.1.10].
Definition 3.1.9. A parabolic Sp(2n,K)-character variety of a closed Riemann
surface of genus g is the categorical quotient
Mξn := Uξn//T = Spec
(
K
[Uξn]T). (3.1.9)
More generally, define the categorical quotient
Mξn,H := Uξn,H//T = Spec
(
K
[
Uξn,H
]T)
. (3.1.10)
Remark 3.1.10. SinceH acts trivially on Uξn,H , we can defineMξn,H as the categorical
quotient Uξn,H// (T/H).
Proposition 3.1.11. Mξn,H is a geometric quotients for any Z ≤ H ≤ µn2.
Proof. SinceMξn,H is a categorical quotient of an affine variety by the action of an
affine reductive algebraic group, it is a good quotient (for a definition of a good
quotient see [Ho12, Definition 2.36]), so by [Ho12, Corollary 2.39 ii)], it is sufficient
to prove that all the orbits are closed. By 3.1.4, for every X ∈ Uξn,H , dim(TX) = 0.
It follows, denoting the orbit of X by TX, that dim(TX) = dim(T ) from the
Orbit-Stabiliser Theorem.
Now, suppose that there exists a non closed orbit. Then, by [Hu75, Proposition in
8.3], its boundary is not empty and it is a union of orbits of strictly smaller dimension.
But this contradicts the fact that all the orbits have the same dimension. 
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By Proposition 3.1.7, together with the properties of geometric quotients, we can
give the following
Definition 3.1.12. For every Z ≤ H ≤ µn2 , define the geometric quotient
M˜ξn,H := U˜ξn,H/T.
Remark 3.1.13. SinceMn is a geometric quotient because of Proposition 3.1.11, it
has the quotient topology, hence, by Proposition 3.1.7 and 3.1.6,Mξn,H is a closed
affine variety and M˜ξn,H is an open subset of it. In particular,
{
M˜ξn,H
}
Z≤H≤µn2
is
a stratification ofMgn and M˜ξn,µ2 is an open subset of the character varietyMξn.
Remark 3.1.14. As in 3.1.10, we can realize M˜ξn,H as the geometric quotient of U˜ξn,H
by the free action of the affine algebraic group T/H.
Remark 3.1.15. Thanks to 3.1.8, we get a finite open affine cover of M˜ξn,H given by{
M˜i,H
}
i∈I
, where M˜i,H = U˜i,H/T .
Proposition 3.1.16. The variety Uξn is non singular and equidimensional. The
dimension of each connected component of Uξn is given by
dim
(Uξn) = (2g − 1)n(2n+ 1). (3.1.11)
Proof. We follow the strategy of [HRV08, Theorem 2.2.5], with slight variations.
Assume that g > 0. It is enough to show that at a solution s = (A1, B1, . . . , Ag, Bg) ∈
Sp(2n,K)2g of the equation
[A1 : B1] · · · [Ag : Bg] = ξ (3.1.12)
the derivative of µ on the tangent spaces
dµs : Ts(Sp(2n,K))2g → Tξ(Sp(2n,K))
is surjective. So take (X1, Y1, . . . , Xg, Yg) ∈ Ts(Sp(2n,K))2g. Then differentiate µ
to get:
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dµs(X1, Y1, . . . , Xg, Yg) =
g∑
i=1
[A1 : B1]· · ·[Ai−1 : Bi−1]XiBiA−1i B−1i [Ai+1 : Bi+1]· · ·[Ag : Bg]
+
g∑
i=1
[A1 : B1]· · ·[Ai−1 : Bi−1]AiYiA−1i B−1i [Ai+1 : Bi+1]· · ·[Ag : Bg]
−
g∑
i=1
[A1 : B1]· · ·[Ai−1 : Bi−1]AiBiA−1i XiA−1i B−1i [Ai+1 : Bi+1]· · ·[Ag : Bg]
−
g∑
i=1
[A1 : B1]· · ·[Ai−1 : Bi−1]AiBiA−1i B−1i YiB−1i [Ai+1 : Bi+1]· · ·[Ag : Bg]
(3.1.13)
and using 3.1.12, for each of the four terms, we get:
dµs(X1, Y1, . . . , Xg, Yg) =
g∑
i=1
fi(Xi) + gi(Yi), (3.1.14)
where we define linear maps
fi : TAi(Sp(2n,K))→ gl(2n,K)
gi : TBi(Sp(2n,K))→ gl(2n,K)
by fi(X) :=
i−1∏
j=1
[Aj : Bj ]
(
XA−1i −AiBiA−1i XB−1i A−1i
)i−1∏
j=1
[Bi−j : Ai−j ]ξ
and gi(Y ) :=
i−1∏
j=1
[Aj : Bj ]
(
AiY B
−1
i A
−1
i −AiBiA−1i B−1i Y AiB−1i A−1i
)i−1∏
j=1
[Bi−j : Ai−j ]ξ.
We claim that fi and gi take values in Tξ(Sp(2n,K)). We will prove it only for fi,
the proof for gi being completely analogous.
What we have to prove is that B = fi(X)ξ−1 is a hamiltonian matrix for every
X ∈ TAi(Sp(2n,K)), i.e., BtJ = −JB. Call
U =
i−1∏
j=1
[Aj : Bj ],
V = XA−1i −AiBiA−1i XB−1i A−1i .
Notice that, since Aj and Bj are symplectic for every j = 1, . . . , i and X ∈
TAi(Sp(2n,K)), U and U−1 are symplectic. Moreover, the facts that A
−1
i X is
hamiltonian and AiBi is symplectic imply that AiBiA−1i XB
−1
i A
−1
i is hamiltonian
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and since XA−1i is hamiltonian, V and V
t are hamiltonian too. Then
BtJ =
(
U−1
)t
V tU tJ =
(
U−1
)t
V tJU−1
= − (U−1)t JV U−1 = −JUV U−1 = −JB
that is our claim.
Assume that Z ′ ∈ Tξ(Sp(2n,K)) such that
Tr
(
JZ ′J−1dµs(X1, Y1, . . . , Xg, Yg)
)
= 0. (3.1.15)
By 3.1.14, this is equivalent to
Tr
(
JZ ′J−1fi(Xi)
)
= Tr
(
JZ ′J−1gi(Yi)
)
= 0
for all i and Xi ∈ TAi(Sp(2n,K)), Yi ∈ TBi(Sp(2n,K)). We show by induction on
i that this implies that, if Z ′ = ξZ, with Z hamiltonian, C := JZJ−1 commutes
with Ai and Bi. Notice that C is hamiltonian. Assume we have already proved this
for j < i and calculate
0 = Tr
(
JZ ′J−1fi(Xi)
)
= Tr
(
C
(
XiA
−1
i −AiBiA−1i XiB−1i A−1i
))
= Tr
((
A−1i CAi −BiA−1i CAiBi
)
A−1i Xi
)
for all Xi ∈ TAi(Sp(2n,K)). Since A−1i CAi −BiA−1i CAiBi and A−1i Xi are hamil-
tonian, and Tr(·, ·) is a non degenerate symmetric bilinear form over sp(2n,K), when
char(K) 6= 2, C commutes with AiBiA−1i . Similarly we have
0 = Tr
(
JZ ′J−1gi(Yi)
)
= Tr
((
B−1i A
−1
i CAiBi −A−1i B−1i A−1i CAiBiA−1i
)
B−1i Yi
)
which implies that C commutes with AiBiAiB−1i A
−1
i . Thus C commutes with Ai
and Bi, hence with ξ =
g∏
i=1
[Ai : Bi]. It follows that
C = diag(λ1, . . . , λn,−λ1, . . . ,−λn).
Arguing as in Proposition 3.1.4, we can prove by contradiction that C = 0. Thus
there is no non-zero Z ′ such that 3.1.15 holds for all Xi and Yi. Since ϕ(A,B) :=
Tr
(
JAJ−1B
)
is symmetric non degenerate bilinear form over Tξ(Sp(2n,K)) when
char(K) 6= 2, this implies that dµ is surjective at any solution s of 3.1.12. Thus Uξn
is non singular and equidimensional. Finally, we see that the dimension of (each
connected component of) Uξn is
dim
(
Sp(2n,K)2g
)
− dim(Sp(2n,K)) = (2g − 1)n(2n+ 1)
proving the second claim. 
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Corollary 3.1.17. The dimension of (each connected component of)Mξn is equal
to dn := (2g − 1)n(2n+ 1)− n.
Proof. By Proposition 3.1.4 and 3.1.11, we have that
dim
(Mξn) = dim(Uξn)− dim(T )
so the claim easily follows from Proposition 3.1.16. 
3.2. Geometry of Uξn,H . The goal of this section is to describe the geometry of
the variety Uξn,H defined in 3.1.8 for any Z ≤ H ≤ µn2 .
Notation. If Z = diag(ε1, . . . , εn, ε1, . . . , εn) ∈ µn2 , we denote Z by diag2(ε1, . . . , εn).
If Φ ∈ Sn, we call Φ the corresponding symplectic permutation matrix too. If
A ∈ Sp(2n,K), we write Φ(A) instead of ΦAΦ−1 as in Proposition 3.1.4.
Let H be a subgroup of µn2/Z of rank k,
−→B a basis of H. Then −→B = {Z1, . . . , Zk},
where Z1, . . . , Zk are independent matrices, defined up to a sign, such that −I2n /∈
span
{
Z1, . . . , Zk
} ≤ µn2 , whatever the choice of representatives Z1, . . . , Zk of
Z1, . . . , Zk is. It can be easily shown that there exists a permutation Φ ∈ Sn
such that, for all h ∈ [k],
Φ(Zh) = diag
2
 a
h
1︷ ︸︸ ︷
1, . . . , 1,
ah2︷ ︸︸ ︷
−1, . . . ,−1, . . . ,
ah
2h−1︷ ︸︸ ︷
1, . . . , 1,
ah
2h︷ ︸︸ ︷
−1, . . . ,−1
 (3.2.1)
where ah−1i = a
h
2i−1 + a
h
2i for any i ∈ [2h−1].
This permutation gives rise to the following family of unordered partitions of n:{(
ah1 , . . . , a
h
2h
)}
h∈[k] .
We will prove that these partitions are uniquely determined by the subgroupH. In or-
der to do this, we have to check the following facts about the set
{(
ah1 , . . . , a
h
2h
)}
h∈[k]:
(1) It does not depend on the choice of the permutation Φ.
(2) It does not depend on the choice of the representatives of the elements of
the basis
−→B .
(3) It does not depend on the choice of the basis
−→B , once the representatives of
its elements are fixed.
Lemma 3.2.1. Let H ≤ µn2 ,
−→B = {Z1, . . . , Zk} a basis of H such that the elements
of
−→B are of the form 3.2.1. If λ ∈ Sn such that λ(Zh) = Zh for all h ∈ [k], then
λ ∈
2k∏
i=1
Saki .
Proof. By induction on k = rk(H).
k = 1: In this case, λ(Z1) = Z1, and since Z1 is of the form 3.2.1, λ ∈ Sa11 × Sa12 .
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k 7→ k + 1: Let λ ∈ Sn such that λ(Zh) = Zh for any h = 1, . . . , k + 1. In
particular λ(Zh) = Zh for any h ∈ [k]. By the inductive hypothesis,
λ = (λ1, . . . , λ2k) ∈
2k∏
i=1
Saki .
Now, Zk+1 = diag2(W1, . . . ,W2k), where
Wi = diag
 a
k+1
2i−1︷ ︸︸ ︷
1, . . . , 1,
ak+12i︷ ︸︸ ︷
−1, . . . ,−1

for i ∈ [2k] and λ(Zk+1) = Zk+1. This implies that λi(Wi) = Wi hence, by the case
k = 1, λi ∈ Sak+12i−1 × Sak+12i , and this proves the lemma. 
Notation. If λ ∈ Sn and −→B = {Z1, . . . , Zk} an ordered basis of a subspace H of
µn2 , then λ
(−→B ) := {λ(Z1), . . . , λ(Zk)}.
Lemma 3.2.2. Let H ≤ µn2 ,
−→B = {Z1, . . . , Zk} an ordered basis of H and λ, µ ∈ Sn
such that λ
(−→B ) and µ(−→B ) are of the form 3.2.1. Then λ(−→B ) = µ(−→B ).
Proof. By induction on k.
k = 1: The assertion is true because a11 and a12 are equal to the number of
eigenvalues equal to 1 and −1 in Z1 respectively.
k 7→ k + 1: If −→B = {Z1, . . . , Zk+1} and λ
(−→B ) and µ(−→B ) are of the form 3.2.1,
then, by the inductive hypothesis, λ(Zi) = µ(Zi) for any i ∈ [k]. In other words, if{(
ah1 , . . . , a
h
2h
)}
h∈[k+1] ,{(
bh1 , . . . , b
h
2h
)}
h∈[k+1]
are the partitions of n determined by λ and µ respectively, then ahi = bhi for h ∈ [k].
Now,
(
λµ−1
)
(µ(Zi)) = λ(Zi) = µ(Zi) for any i ∈ [k]. By Lemma 3.2.1, λµ−1 =
(α1, . . . , α2k) ∈
2k∏
i=1
Saki . Write λ(Zk+1) = diag
2(W1, . . . ,W2k) and µ(Zk+1) =
diag2(V1, . . . , V2k), where
Wi = diag
 a
k+1
2i−1︷ ︸︸ ︷
1, . . . , 1,
ak+12i︷ ︸︸ ︷
−1, . . . ,−1
,
Vi = diag
 b
k+1
2i−1︷ ︸︸ ︷
1, . . . , 1,
bk+12i︷ ︸︸ ︷
−1, . . . ,−1

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for i ∈ [2k]. We have that
λ(Zk+1) =
(
λµ−1
)
(µ(Zk+1))
= diag2(α1(V1), . . . , α2k(V2k)) = diag
2(W1, . . . ,W2k).
It follows that the αi(Vi)’s have the form 3.2.1, and by the case k = 1, αi(Vi) = Vi
for i ∈ [2k]. So Vi = Wi for any i ∈ [2k] and this concludes the proof. 
Lemma 3.2.3. Let H ≤ µn2 such that −I2n /∈ H,
−→B = {Z1, . . . , Zk} an ordered
basis of H,
−→B′ = {Z1, . . . , Zj−1,−Zj , Zj+1, . . . , Zk} and{(
ah1 , . . . , a
h
2h
)}
h∈[k] ,{(
bh1 , . . . , b
h
2h
)}
h∈[k]
(3.2.2)
the partitions of n associated to
−→B and −→B′ respectively. Then for any h ∈ [k], there
exists a permutation λh ∈ S2h such that bhi = ahλh(i) for all i ∈ [2h].
Proof. First of all, notice that partitions 3.2.2 are uniquely determined by Lemma
3.2.2. Let µ ∈ Sn such that µ
(−→B ) is of the form 3.2.1. Then the matrices of µ(−→B′)
assume the following form:
µ(Zh) = diag
2
 a
h
1︷ ︸︸ ︷
1, . . . , 1,
ah2︷ ︸︸ ︷
−1, . . . ,−1, . . . ,
ah
2h−1︷ ︸︸ ︷
1, . . . , 1,
ah
2h︷ ︸︸ ︷
−1, . . . ,−1

for h 6= j and
µ(Zj) = diag
2

aj1︷ ︸︸ ︷
−1, . . . ,−1,
aj2︷ ︸︸ ︷
1, . . . , 1, . . . ,
aj
2j−1
−
︷ ︸︸ ︷
1, . . . ,−1,
aj
2j︷ ︸︸ ︷
1, . . . , 1
.
Let λ ∈ Sn such that, for any l ∈ [2j ], if
(
l−1∑
i=1
aji + 1
)
≤ s ≤
l∑
i=1
aji , then
λ(s) =
s+ a
j
l+1 if l is odd
s− ajl−1 if l is even
(λ is the permutation that exchanges pairwise the blocks of size aj2i−1, a
j
2i, i ∈ [2j−1]).
It is easy to check that λµ
(−→B′) is of the form 3.2.1 and that the desired permutations
λh are the following:
λh =

id[n] if 1 ≤ h ≤ j − 1
2(2j−1)∏
l=0
(
2h−j∏
i=1
(
i+ l2h−j , i+ (l + 1) 2h−j
))
if j ≤ h ≤ k.

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Lemma 3.2.4. Let H and
−→B like in Lemma 3.2.3, −→B′ another ordered basis of H
and consider the partitions of n as in 3.2.2 associated to
−→B and −→B′.Then for any
h ∈ [k], there exists a permutation λh ∈ S2h such that bhi = ahλh(i) for all i ∈ [2h].
Proof. First of all, let us give an explicit description of the action of an element
in GL(k,Z2) on an ordered basis of H: if A = (aij)i,j∈[k] ∈ GL(k,Z2) and
−→B =
{Z1, . . . , Zk}, then
A
(−→B ) := { k∏
i=1
Z
aij
i
}
j∈[k]
.
It is known that GL(k,Z2) is generated as a group by the matrices of the form
Ik + Ei,i+1 for i = 1, . . . , k − 1, where Ei,i+1 is the (i, i+ 1)-th elementary matrix.
Then, it is sufficient to prove the lemma only for the change of basis given by these
matrices. For simplicity, we will give the proof only in the case where the change of
basis is given by Ik +E1,2, being the proof in the other cases completely analogous.
Therefore, the basis involved are
−→B = {Z1, . . . , Zk} ,
−→B′ = {Z1, Z1Z2, Z3, . . . , Zk} .
Let µ ∈ Sn such that µ
(−→B ) is of the form 3.2.1. Then
µ(Z1Z2) = diag
2
 a
2
1︷ ︸︸ ︷
1, . . . , 1,
a22︷ ︸︸ ︷
−1, . . . ,−1,
a23︷ ︸︸ ︷
−1, . . . ,−1,
a24︷ ︸︸ ︷
1, . . . , 1
.
Let λ ∈ Sn such that
λ(s) =

s if 1 ≤ s ≤ a21 + a22
s+ a24 if a21 + a22 + 1 ≤ s ≤ a21 + a22 + a23
s− a23 otherwise
(λ is the permutation exchanging the blocks of size a23, a24). Then λµ
(−→B′) is of the
form 3.2.1 and it turns out that a11 = b11, a12 = b12 and that, for h = 2, . . . , k,
bhi =

ahi if 1 ≤ i ≤ 2h−1
ahi+2h−2 if 2
h−1 + 1 ≤ i ≤ 2h−1 + 2h−2
ahi−2h−2 if 2
h−1 + 2h−2 + 1 ≤ i ≤ 2h.

Summaring up, Lemma 3.2.1 together with Lemma 3.2.2 prove 1, Lemma 3.2.3
proves 2 and Lemma 3.2.4 proves 3.
Finally, we are able to prove the following
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Theorem 3.2.5. Let H be a subgroup of µn2 containing Z. There exists a unique
set-partition {Πi}i∈[2k] of Π = {ϕm1 , . . . , ϕmn} such that
Uξn,H ∼=
2k∏
i=1
UΠi(ξ)
aki
(3.2.3)
where
Πi(ξ) := diag
(
(ξh)h∈Πi ,
(
ξ−1h
)
h∈Πi
)
and aki = |Πi| for any i ∈ [2k].
Remark 3.2.6. For any i ∈ [2k], Πi(ξ) is a matrix uniquely determined by Πi up
the action of a permutation ϕ ∈ Saki . So U
Πi(ξ)
aki
is uniquely determined up to
isomorphism induced by such a ϕ.
Proof of Theorem 3.2.5. Notice that for i ∈ [2k], the eigenvalues of Πi(ξ) satisfy 3.1.1
because of Remark 3.1.2, so UΠi(ξ)
aki
is well defined. Let X = (A1, B1, . . . , Ag, Bg) ∈
Uξn,
−→B = {Z1, . . . , Zk} an ordered basis of H/Z. Then X ∈ Uξn,H if and only if, for
i ∈ [g] and j ∈ [k],
AiZj = ZjAi,
BiZj = ZjBi.
(3.2.4)
Applying a permutation Φ such that Φ
(−→B ) is of the form 3.2.1 to equations 3.2.4,
we have, for i ∈ [g] and j ∈ [k],
Φ(Ai)Φ(Zj) = Φ(Zj)Φ(Ai),
Φ(Bi)Φ(Zj) = Φ(Zj)Φ(Bi)
For any i ∈ [g], it can be easily shown that
Φ(Ai) =
(
A1i A
2
i
A3i A
4
i
)
, Φ(Bi) =
(
B1i B
2
i
B3i B
4
i
)
where
Asi = diag
(
Csi,1, . . . , C
s
i,2k
)
,
Bji = diag
(
Dsi,1, . . . , D
s
i,2k
)
and Csi,h, D
s
i,h are square matrices of size a
k
h for any s = 1, . . . , 4, h ∈ [2k]. Since
the Φ(Ai)’s and the Φ(Bi)’s are symplectic matrices, we have for i ∈ [g], h ∈ [2k](
C1i,h
)T
C4i,h −
(
C3i,h
)T
C2i,h = Iakh ,(
C3i,h
)T
C1i,h =
(
C1i,h
)T
C3i,h,(
D1i,h
)T
D4i,h −
(
D3i,h
)T
D2i,h = Iakh ,(
D3i,h
)T
D1i,h =
(
D1i,h
)T
D3i,h.
(3.2.5)
ON THE E-POLYNOMIAL OF PARABOLIC Sp2n-CHARACTER VARIETIES 28
Moreover, Φ determines a partition of {Πi}i∈[2k] of Π, with aki = |Πi|, and
Φ(ξ) = diag
(
(ξh)h∈Π1 , . . . , (ξh)h∈Π2k ,
(
ξ−1h
)
h∈Π1 , . . . ,
(
ξ−1h
)
h∈Π
2k
)
.
Now, let λ ∈ S2n such that
(λΦ)(Zj) = diag

2aj1︷ ︸︸ ︷
1, . . . , 1,
2aj2︷ ︸︸ ︷
−1, . . . ,−1, . . . ,
2aj
2j−1︷ ︸︸ ︷
1, . . . , 1,
2aj
2j︷ ︸︸ ︷
−1, . . . ,−1

for all j ∈ [k], and λ does not move any element in any of the blocks of size ajh.
Then
(λΦ)(Ai) = diag
(
C1i , . . . , C
2k
i
)
,
(λΦ)(Bi) = diag
(
D1i , . . . , D
2k
i
)
where
Chi =
(
C1i,h C
2
i,h
C3i,h C
4
i,h
)
, Dhi =
(
D1i,h D
2
i,h
D3i,h D
4
i,h
)
for h ∈ [2k], i ∈ [g], so the Chi ’s and the Dhi ’s are symplectic by 3.2.5, and
(λΦ)(ξ) = diag(Π1(ξ), . . . ,Π2k(ξ)).
It follows that there is an isomorphism between Uξn,H and
2k∏
i=1
UΠi(ξ)
aki
given by
f : Uξn,H
∼=−→
2k∏
i=1
UΠi(ξ)
aki
(A1, B1, . . . , Ag, Bg) 7−→
((
C1i , D
1
i
)
i=1,...g
, . . . ,
(
C2
k
i , D
2k
i
)
i=1,...,g
) (3.2.6)
induced by the permutation λΦ.
If we choose a different Φ′ such that Φ′
(−→B ) is of the form 3.2.1, then by Lemma
3.2.1, Φ−1Φ′ = (α1, . . . , α2k) ∈
2k∏
i=1
Saki . Therefore, Φ
′ induces the same partition
{Πi}i∈[2k] of Π and by 3.2.6 we are done. If
−→B′ is a different basis of H/Z, by
the proofs of Lemma 3.2.3 and 3.2.4, we have that if Φ′
(−→B′) is of the form 3.2.1,
Φ′ ∈ Sn, then Φ′ = µΦ, where µ ∈ Sn permutes the blocks of size ahi . It follows that
Φ′ induces the same partition {Πi}i∈[2k] of Π and we are done again. 
4. E-polynomial of Mξn
In the following section, we compute the E-polynomial ofMξn/C proving that,
for any Z ≤ H ≤ µn2 , M˜ξn,H has polynomial counting functions over finite fields
possessing a primitive 2m-th root of unity. These are the E-polynomials thanks to
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Theorem 2.2.3. Finally, we use the additiveness of the E-polynomial with respect to
stratifications.
4.1. The Fq-points of U˜ξn,H . Let q be a power of a prime p > 3 . Assume that Fq
contains a primitive 2m-th root of unity ζ := ϕ
1
2 , so q ≡
2m
1. For any Z ≤ H ≤ µn2 ,
define
N˜ξn,H(q) :=
∣∣∣U˜ξn,H(Fq)∣∣∣ (4.1.1)
Nξn,H(q) :=
∣∣∣Uξn,H(Fq)∣∣∣ . (4.1.2)
These quantities are the number of rational points of U˜ξn,H/Fq and Uξn,H/Fq
respectively. When H = Z, we simply write N˜ξn(q) and Nξn(q). From Definition
3.1.5, it is easy to see that
Nξn,H(q) =
∑
H≤S≤µn2
N˜ξn,S(q) (4.1.3)
hence by Möbius inversion, we have
N˜ξn,H(q) =
∑
H≤S≤µn2
µ(H,S)Nξn,S(q) (4.1.4)
where µ is the Möbius function of the poset of the subgroups of µn2 and it is defined
as follows
µ(H,S) =
(−1)rk(S)−rk(H) 2
(
rk(S)−rk(H)
2
)
if H ⊆ S
0 otherwise.
(4.1.5)
By Theorem 3.2.5, if Z ≤ S ≤ µn2 , there exists a unique partition {Πi}i∈[2rk(S)] of
Π = {ϕm1 , . . . , ϕmn} such that
Nξn,S(q) =
2rk(S)∏
i=1
N
Πi(ξ)
a
rk(S)
i
(q) (4.1.6)
where ark(S)i = |Πi| for any i = 1, . . . , 2rk(S). Plugging 4.1.5 and 4.1.6 into 4.1.4, we
obtain
N˜ξn,H(q) =
∑
H≤S≤µn2
(−1)rk(S)−rk(H) 2
(
rk(S)−rk(H)
2
) 2rk(S)∏
i=1
N
Πi(ξ)
a
rk(S)
i
(q). (4.1.7)
The advantage of this equation is that we can compute NΠi(ξ)
a
rk(S)
i
(q) using the following
formula due to Frobenius (see [FQ93], [FS906] or [Med78]).
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Proposition 4.1.1. Let G be a finite group. Given z ∈ G, the number of 2g-tuples
(x1, y1, . . . , xg, yg) satisfying
∏g
i=1 [xi : yi]z = 1 is:∣∣∣∣∣
{
g∏
i=1
[xi : yi]z = 1
}∣∣∣∣∣ = ∑
χ∈Irr(G)
χ(z)
( |G|
χ(1)
)2g−1
. (4.1.8)
However, our next goal is to compute Nξn(q). We specialize 4.1.8 to the case
where G = Sp(2n,Fq) and z = ξ.
Since ξ is a regular semisimple matrix, the range of the summation in 4.1.8
restricts to the set of the principal series of Sp(2n,Fq) by 2.4.2. By Proposition
2.4.18, we can collect principal series of the same degree according to the type τ , so
combining with 2.4.20, we obtain that
Nξn(q) =
∑
τ
(Hτ (q))
2g−1
Cτ
where
Cτ :=
∑
τ(χ)=τ
χ(ξ).
Our next task is to compute Cτ ; we will find that it is an integer constant. In
particular, since the number of all possibile types does not depend on q, this will
show that Nξn(q) ∈ Z[q].
Remark 4.1.2. For even values of m and q ≡
m
1, we could not get Nξn(q) to be a
polynomial in q. In fact, let ξ =
(
i 0
0 −i
)
, m = 4 and let us compute Nξ1 (q) when
q ≡
4
1. Using the well known character table of SL(2,Fq) that one can find in
[DM91], after some little algebra we get the quasi polynomial:
Nξ1 (q) =
(
q3 − q)2g−1 + (q2 − 1)2g−1
+
(
(−1) q−14 (22g − 1)− 1) (q2 − q)2g−1 . (4.1.9)
This motivates our requirement on q to be equal to 1 modulo 2m.
4.2. Calculation of Cτ . We refer to the notations used in subsection 2.4.3. If
τ = (λ, α1, α, β), with c := |λ|, l := l(λ), and β ∈ Irr(Sλ,α1,α), then combining
Remark 2.4.3 and Proposition 2.4.9 in formula 2.4.2 we have
χ(ξ) =
1
|Sλ,α1,α |
∑
w∈Wn
θw
(
ξ−1
)
β(1)
where θ ∈ T̂F is of the form 2.4.12. Define, for i = 1, . . . , n and k ∈ Q,
γkmi := ϕ
kmi + ϕ−kmi .
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where we denote the complex counterpart of γ in the same way. Then, after some
computations, we obtain the following expression for Cτ :
Cτ =
∑
pi∈Pλ
∑
k1,...,kl∈Q
ks 6=kt
s6=t
 l∏
j=1
∏
s∈Ij
γkjms
 (4.2.1)
where Pλ is the set of partitions pi =
l∐
j=1
Ij of [c] such that |Ij | = λj for any
j = 1, . . . , l.
If σ =
l(σ)∐
j=1
I ′j ∈ Πc, let us consider the sets Σσ and Σ′σ as in 2.3.1, replacing [x]
with Q, and define
Ψ(σ) :=
∑
h∈Σσ
l(σ)∏
j=1
∏
s∈I′j
γh(I′j)ms
 (4.2.2)
Φ(σ) :=
∑
h∈Σ′σ
l(σ)∏
j=1
∏
s∈I′j
γh(I′j)ms
 (4.2.3)
It is evident that
Cτ =
∑
pi∈Pλ
Φ(pi) (4.2.4)
and that Ψ(pi) =
∑
piσ
Φ(σ). By Möbius inversion applied on the poset of set-partitions
of [c], we have
Φ(pi) =
∑
piσ
µ(pi, σ)Ψ(σ). (4.2.5)
Interchanging sum and product in 4.2.2, we have Ψ(σ) =
l(σ)∏
j=1
∆j with
∆j :=
∑
k∈Q
∏
s∈I′j
γkms
. (4.2.6)
Since ϕm1 , . . . , ϕmn satisfy 3.1.1, together with Remark 3.1.2 we deduce that
∏
s∈I′j
γkms =
2
λ′j∑
i=1
ϕki (4.2.7)
where λ′j =
∣∣I ′j∣∣ and ϕi’s are primitive ki-th roots of unity with ki > 1, ki|m. Now,
q ≡
2m
1 implies that |Q| = q−32 ≡m −1, so plugging 4.2.7 into 4.2.6, we get ∆j = −2
λ′j
and then Ψ(σ) = (−1)l(σ) 2c. Plugging it into 4.2.5 and using 2.3.3, we obtain that
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Φ(pi) = 2c(−1)ll! and consequently, from 4.2.4,
Cτ =
n!β(1)2c (−1)l l!∏
i
mi(λ)!
l∏
i=1
λi!α1!αε!
=
(−1)l l! [Wn : Sλ,α1,α ]β(1)∏
i
mi(λ)!
(4.2.8)
that is an integer number. Here, mi(λ) = {j | λj = i}, that is the multiplicity of i
in the partition λ, for any possible i.
Remark 4.2.1. As one can see, the computation of the coefficients Cτ ’s does not
depend on the choice of ϕ and m1, . . . ,mn, but only on the fact that ϕm1 , . . . , ϕmn
satisfy 3.1.1. Therefore, by Remark 3.1.1, we get NΠi(ξ)
a
rk(S)
i
(q) ∈ Z[q] for all possible
cases.
4.3. Main formula. For Z ≤ H ≤ µn2 , let
En,H(q) :=
N˜ξn,H(q)
(q − 1)n . (4.3.1)
In accordance with 4.2.1 and 4.1.7, N˜ξn,H(q) ∈ Z[q]. Moreover, (q − 1)n divides
|Sp(2n,Fq)| and combining Remark 2.4.10 and 2.4.13, we get gcd((q − 1) , χ(1)) = 1
for all principal series χ of Sp(2n,Fq) and this implies that En,H(q) ∈ Z[q].
Theorem 4.3.1. For all Z ≤ H ≤ µn2, the variety M˜ξn,H/C has polynomial count
and its E-polynomial satisfies
E
(
M˜ξn,H/C; q
)
= En,H(q).
Proof. From the definition 3.1.8 of U˜ξn,H it is clear that it can be viewed as a
subscheme XH of Sp (2n,R)2g with R := Z
[
ζ, 12m
]
and we can do the same thing
for the U˜i,H as in Remark 3.1.8, calling Xi,H the corresponding subscheme over R
for i ∈ I. Let ρ : R→ C be an embedding, then XH and Xi,H are spreading out of
U˜ξn,H/C and U˜i,H/C respectively.
For every homomorphism
φ : R −→ Fq (4.3.2)
the image φ(ζ) is a primitive 2m-root of unity in Fq, because the identity
2m−1∏
i=1
(
1− ζi) = 2m
guarantees that 1 − ζi is a unit in R for i = 1, . . . , 2m − 1, and therefore cannot
be zero in the image. Hence all of our previous considerations apply to compute
|XH,φ(Fq)| = N˜ξn,H(q).
On the other hand, the group scheme TR := CSp(2n,R)(ξ) acts on XH and the
Xi,H ’s by conjugation, so using Seshadri’s extension of geometric invariant theory
quotients for schemes (see [Se77]), we can take the geometric quotient YH = XH/TR,
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and we can define the affine scheme Yi,H = Spec
(
R[Xi,H ]TR
)
over R for all i ∈ I.
Then {Yi,H}i∈I is an open cover of affine subschemes of YH . Because ρ : R→ C is
a flat morphism, [Se77, Lemma 2] implies that Yi,H is a spreading out of M˜i,H as
in Remark 3.1.15 for all i, so YH is a spreading out of M˜ξn,H/C because of the local
nature of fibered product for schemes.
Now take an Fq- point of the scheme YH,φ obtained from YH by the extension of
scalars in 4.3.2. By [Ka80, Lemma 3.2], the fiber over it in XH,φ(Fq) is non empty
and an orbit of (T/H)(Fq) and one can easily shows that (T/H)(Fq) acts freely on
XH,φ(Fq). Consequently
|YH,φ(Fq)| = |XH,φ(Fq)||(T/H)(Fq)| =
N˜ξn,H(q)
(q − 1)n = En,H(q).
Thus M˜ξn,H/C has polynomial count. Now the theorem follows from Theorem
2.2.3. 
Define
En(q) :=
Nξn(q)
(q − 1)n .
Corollary 4.3.2. The E-polynomial ofMξn/C satisfies
E
(Mξn/C; q) = En(q) = 1(q − 1)n ∑
τ
(Hτ (q))
2g−1
Cτ . (4.3.3)
Proof. From Remark 2.1.4, we have that
E
(Mξn/C; q) = ∑
Z≤H≤µn2
E
(
M˜ξn,H/C; q
)
(4.3.4)
so the corollary follows from Theorem 4.3.1 plugging 4.3.1 into 4.3.4. 
Remark 4.3.3. Combining Corollary 4.3.2 and Remark 4.2.1, we see that E
(Mξn/C; q)
does not depend on the particular choice of ξ but only on the conditions 3.1.1 that
its eigenvalues have to satisfy. Thus we have actually computed the E-polynomial
of a very large family of parabolic character varieties.
Example 4.3.4. If we take q ≡
8
1 and divide both sides by (q − 1) in 4.1.9, we get
Nξ1 (q)
q − 1 =
(
q3 − q)2g−2(q2 + q)+ (q2 − 1)2g−2(q + 1) + (22g − 2)(q2 − q)2g−2 q
and by Corollary 4.3.2 and Remark 4.3.3, this is the E-polynomial ofMξ1/C for all
possible choice of ξ. This result perfectly agrees with the one obtained in [MM15,
Theorem 2].
We conclude this section proving the following interesting fact on E
(Mξn/C; q).
Corollary 4.3.5. The E-polynomial ofMξn/C is palindromic.
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Proof. By Corollary 4.3.2, it is sufficient to prove that En(q) is palindromic. Since
the degree of En(q) is equal to dn = (2g − 1)n(2n+ 1)− n for Remark 2.4.21, this
is equivalent to prove that
qdnEn
(
q−1
)
= Eξn(q).
Now, because of 4.2.8, Cτ = Cτ ′ , where τ ′ is the type dual to τ as in 2.4.14, so the
corollary follows using 2.4.21 in 4.3.3 after some little computations. 
4.4. Connectedness and Euler characteristic. We now deduce some important
topological information onMξn/C.
Corollary 4.4.1. The varietyMξn/C is connected.
Proof. When g = 0, Mξn/C is clearly empty, unless n = 1 when it is a point.
Therefore, we can assume g ≥ 1 for the rest of the proof.
Proposition 3.1.16 tells us that Uξn is smooth, while Corollary 3.1.17 says that
each connected component of Mξn has dimension dn. Thus, by the last part of
Remark 2.2.4, the leading coefficient of E
(Mξn/C; q) is the number of connected
components ofMξn. By Corollary 4.3.2, E
(Mξn/C; q) = En(q), so it is enough to
determine the leading coefficient of Eξn(q).
By 4.3.3, the top degree term in En(q) corresponds to the biggest Hτ (q), that is
attained by the trivial character 1Sp(2n,Fq) because of 2.4.20 and Remark 2.4.21. Thus,
using Remark 2.4.22, the leading coefficient of En(q) is equal to C(0ˆ,n,0,β), where β
is the irreducible character of the Weyl group Wn of Sp(2n,Fq) corresponding to
1Sp(2n,Fq). Equation 4.2.8, together with Remark 2.4.17, tells us that C(0ˆ,n,0,β) = 1,
so the corollary follows. 
Corollary 4.4.2. The Euler characteristic χ
(Mξn) of Mξn/C vanishes for g > 1.
For g = 1, we have∑
n≥0
χ
(Mξn)
|Wn| T
n =
∏
k≥1
1
(1− T k)3
= 1 + 3T + 9T 2 + · · · .
Proof. By Corollary 4.3.2 and 1 in Remark 2.1.3, the Euler characteristic ofMξn/C
equals
En(1) =
∑
τ
(Hτ (q))
2g−1
(q − 1)n
∣∣∣∣∣
q=1
Cτ . (4.4.1)
Since
|Sp(2n,Fq)| = (q − 1)n
n∏
i=1
(
qi + 1
)
q2i−1 (4.4.2)
it follows from the definition 2.4.20 of Hτ (q) and Remark 2.4.13 that (q − 1)n(2g−2)
divides (Hτ (q))
2g−1
(q−1)n , so En(1) = 0 when g > 1 proving the first assertion.
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When g = 1, plugging 4.4.2 in 2.4.20 and using Remark 2.4.13, we get
Hτ (q)
(q − 1)n
∣∣∣∣
q=1
=
|Wn|
[Wn : Sλ,α1,α ]β(1)
(4.4.3)
if τ = (λ, α1, α, β) where λ ` c, c+ α1 + α = n and β ∈ Irr(Sλ,α1,α), so plugging
4.4.3 and 4.2.8 in 4.4.1 for g = 1 and summing over β, we have
En(1) = |Wn|
∑
λ,α1,α
(−1)l(λ) l(λ)!∏
i
mi(λ)!
|Irr(Sλ,α1,α)|. (4.4.4)
Since Sλ,α1,α =
(
l(λ)∏
i=1
Sλi
)
×Wα1 ×Wα , it follows that
Irr (Sλ,α1,α) =
l(λ)∏
i=1
p(λi) |Irr(Wα1)| |Irr(Wα)|
where p(λi) is the number of partitions of λi, for i = 1, . . . , l (λ). Thus, if we collect
the partitions of the same size and length, summing over α1 and α 4.4.4 becomes
En(1) = |Wn|
n∑
c=0
acbn−c (4.4.5)
with
ac :=
∑
l≥0
∑
λ`c
l(λ)=l
(−1)l l!∏
i
mi(λ)!
l∏
i=1
p(λi)
and
bn−c :=
∑
α1,α≥0
α1+α=n−c
|Irr(Wα1)| |Irr(Wα)|
so ∑
n≥0
En(1)
|Wn| T
n =
∑
c≥0
acT
c
∑
m≥0
bmT
m
 (4.4.6)
Now, it is easy to see that
∑
c≥0
acT
c =
∑
l≥0
−∑
n≥1
p(n)Tn
l = 1∑
n≥0
p(n)Tn
so by an identity of Euler, we get∑
c≥0
acT
c =
∏
k≥1
(
1− T k). (4.4.7)
On the other hand, it is known that∑
n≥0
|Irr(Wn)|Tn =
∏
k≥1
1
(1− T k)2
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hence ∑
m≥0
bmT
m =
∏
k≥1
1
(1− T k)4
. (4.4.8)
Thus the second assertion of the corollary follows by plugging 4.4.7 and 4.4.8 in
4.4.6. 
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